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In this paper we prove the existence and uniqueness of regular solutions for 
the Cauchy problem for the evolution equation 
suggested by the study of beams and plates. We represent by A a linear operator 
of a Hilbert space H with norm j /, oi is a real number, and M(A) > 0 a real 
function, for h ;z 0. 
INTRODUCTION 
The purpose of this paper is to prove the existence and uniqueness of regular 
solutions for a nonlinear evolution equation in a Hilbert space, which has its 
physical origin in the study of the dynamic buckling of a hinged extensible 
beam which is either stretched or compressed by an axial force. 
The mathematical model for this physical problem is the following nonlinear 
wave equation: 
(“1 
in which u is a real number, u(.x, t) is the deflection of the point x of the beam 
at time t. When 01 is negative we have the case of compressed beam. By L we 
represent the length of the beam. 
The mathematical aspects of a nonlinear wave equations of type (*) were 
studied, using different methods, by Dickey [l] when space variables have one 
dimension using Fourier sine series, by Pohozaev [6], when a: :> 0 and the 
equation does not indudes the term a4ulax4, by techniques of Functional 
Analysis in a Hilbert space H (cf. also J. L. Lions [4]). 
Equation (*) can be included in a general mathematical model. Let Hbe a real 
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Hilbert space (it could be complex) and iz be a linear operator of H. We represent 
by u(t) a vector of H, in which t is a real variable. The derivative of u = u(t) 
with respect to the norm of H is represented by u’ or du/dt. Therefore, equations 
of type (*) can be included in the abstract model 
U” + A34 + (a + M(i A% I”)) Au = 0, (“*) 
in which 1 / is the norm of H and M(h) is a real function defined for all h > 0. 
In this paper we prove an existence and uniqueness theorem for the regular 
solutions of the Cauchy problem for the equation (* *) under appropriate assump- 
tions on M and A. 
As an application of the abstract theorem, we consider H == L2(Q), Q a 
bounded open set of EP and A is the Laplace operator --d. When 71 = 2 it is 
the case of plates (Eiesley [2]) and when 1z = 1, the case of beams (Dickey [l]). 
We divided this paper in three sections. In Section 1 we prove the existence of 
regular solutions; in Section 2 we prove the uniqueness and we end it with an 
application and remarks about weak and analytic solutions of Eq. (**). 
1. EXISTENCE OF REGULAR SOLUTIONS 
Let H be a real Hilbert space with the inner product ( , ) and norm 1 1 . 
Let A be a linear operator in H, with the domain D(A) dense in H. We suppose 
that A is self-adjoint, positive and that the spectrum of z4 is discrete. The 
condition on the spectrum means that A has a sequence of eigenvalues, 
0 <A, <A, < ... < X,, < ... divergent to +co, with corresponding eigen- 
vectors (w,),~~ dense in H. 
With respect to the function M, we suppose that X + M(h) is a real function 
for h 3 0, continuously derivable for all X > 0 and satisfies the condition 
M(A) > m, $ m,h for all )I 3 0, 
with wz, > 0, m, > 0. 
THEOREM 1. Suppose that the operator A and the function h + M(h) satisfy 
all the above conditions. Let OL be a real number, u,, belongs to D(Ak+~li2) and u1 in 
D(Ak) for all natural numbers k. Then, there exists a function t --f u(t), from 
[0, T) + H, for all 0 < T < + co, satisfying the following conditions: 
u(t), u’(t) belongs to D(A”) for all natural numbers k, 
U and u’ belongs to CO([O, T); D(A”)), for all natural 
numbers k and all real positive numbers T. 
(1) 
(2) 
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U”(t) + A%(t) + (a + M(i A”“u(t)[“)) Au =: 0 in H. (3) 
u(0) = 240 , u'(0) == u1 . (4) 
Proof. To prove the theorem we use the Galerkin method, taking for base the 
eigenvectors of the operator A. In fact, let (w,),~,~ be the sequence of eigenvectors 
of A corresponding to the sequence (h,),E,V of its eigenvalues. Let 
v, = [WI , w2 ,..., wml 
be the m-dimensional subspace of H generated by the m first eigenvectors of A. 
We define the approximate solutions u, of Eq. (3) in the following way: 
that is, h&(t) = f &m(t) wi 9 (5) 
i=l 
(G(t), v)+ (Au,(t), Au) + (a + M(a(u,(t)))) a(u,(t), 21) = 0 for all v E V,, 
(6) 
%m = uom I z&(O) = u1 . (7) 
We define a(~, V) = (Au, V) and U(U) = (Au, U) for all u in D(A). By u,, 
and sn we represent, respectively, the partial sum of the m first terms in the 
eigenvectors expansion of the vectors u. and ur . 
System (6) and (7) of ordinary differential equations in the variable 1, has 
solution in an interval [0, tm). In the next step we obtain a priori estimates for 
the solution u,(t), so that it can be extended outside [0, t,J, to obtain one solu- 
tion defined for all t > 0. 
Step i. First a Priori Estimates 
Taking v = 2u,(t) in Eq. (6) we obtain: 
-g I 4nWl” -t ; I &&)12 + 01; 4%(t)) + ~(44&))) $ +n(t)> = 0. 
Integrating from 0 to t, with 0 < t < t, , we obtain 
I &(t)l” + I &n(t)12 + 4%(t)) + rb” EM%) g 4%&N A 
zzz I sn I2 + I Auonz I2 + ~G,J- 
Let h?f be the primitive of M defined by 
%!(A) = joA M(s) ds. 
We have 
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with 
which converges to 
K, = I ~1 I2 + I Au, I2 + 4u,,) + @W+,)). 
If 0 < K, , it follows that each term of the first member of (8) is bounded 
independent of m because K, converges to K,, . This is sufficient to extend u, 
to [0, T) for all real T > 0. 
If K, < 0, which can happen only when 01 < 0, we have to use another 
method to estimate u,(t). We obtain from (8) 
I 4w2 + I &n(412 + m+mw e -~44&>) 
with OL < 0. 
From the assumption on M(h) we have 
A?Z(a(um(t))) = ~~‘um”” M(s) ds > 6’“““” (m, + mls) ds 
= m&,,(t)) + 7 4~,(s))~. 
It follows that 
I 4&)12 + I &&)I2 + ~04um(~>) + F 44N2 < -4u&>). 
Diving both sides of the last inequality by u(u,(t)), we obtain bounds for all 
terms in the left-hand side of the inequality, independent of m. It follows that 
even in the case OL < 0 the solution urn(t) exists in [0, T), for all 0 < T < + co. 
Therefore, for all real 01, after the extension of urn(t) to the interval [0, T), 
0 < T < +cc, we conclude the existence of a constant C > 0 such that 
I &(t>12 + I &n(t)12 + +&)) < c (9) 
forall <t < T,andallO < T < +a. 
Step ii. Second a Priori Estimates 
Since V, is generated by the m first eigenvectors of A, we can take in (6) 
v = 2A%k(t), for all natural numbers k. We obtain 
; 1 A”&(t)12 + 1 I AK+1uw(t)12 + a 1 I Ar+1’2um(t)/2 
-J- M(u(u,(t))) $ I Ak+1’2um(t)12 = 0. 
(10) 
409/69/1-x7 
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Let us set 
y&) = I A”&(t)12 + I Ak+1%(t>12, 
f&(t) = j A~~i-l&4,(t)12 and /J(t) = ~wm(t>))* 
It follows that Eq. (10) can be written as 
&c(t) 
-XT+ 
a 7 + p(t) q = 0. 4W) (11) 
If we set 
we obtain: 
W) = r&) + 4w) + At) P&)7 
h@) - &s(t) = Y&) + P(t) B&)7 (12) 
and h,(t) - &(t) is a function always positive for t 3 0. Taking the derivative 
with respect to t of both sides of (12), we obtain 
g (h,(t) - lx/&(t)) = y + p(t) q + $$qt). (13) 
From (11) and (13) we can write 
-g (h&) - c&(t)) = --a @g + vpk(t). (14) 
Using the definition of Bk(t), finding its derivative with respect to t and by the 
Schwarz inequality, we have 
I I v < yk(t). (1% 
From (14) and (15) we find 
j -g @r(t) - 4%(t)) / < I a I Y&) + / $jp j Bdt) 
and from (12), the last inequality changes into the following: 
1 $ @r(t) - 4W)) (< (I 01 I + $ y) &W - 4WN. (16) 
Since p(t) = M(a(u,(t))), M(h) continuously derivable for A > 0, we have: 
44) 
I I - = I ~‘Wm(t)))l I 24%(t)> 4nWl dt 
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By the first estimate (9) it follows that 
44) I I __- dt < C max 1 M’(s)] . O<S<C 
Therefore, the inequality (16) can be written as 
where 
/ $ (W) - h&N / < w&) - 4&))~ 
Cl = I a I + $ o’=syc I M’(s)l . 
..\ 
From (17) and the Gronwall inequality, we obtain 
(17) 
for all t > 0. 
It follows from (18) and according to assumption on the initial data, that 
there exists a constant C, > 0, independent of m, such that 
1 A”u6(t)l” + 1 Ak+lUm(t)12 + 1 Ak+1’2Um(t)12 < c, , (19) 
for all natural numbers k and all real numbers t 3 0. 
Step iii. Limit of Approximate Solutions 
We prove, first of all, that the a priori estimates (19) imply that the sequences 
(Akuk(t))nzEN, (A”+lhm(t))m.N, (Aku,(t)),,N are Cauchy sequences on [0, T], 
for all T > 0. 
Suppose that m, and m2 are natural numbers such that m2 > m, . Since 
we define gi,,(t) = 0 for i = m, + I,..., m2 and set 
u)(t) = %n,(t) - %&), 
where urn,(t) and urn,(t) are two solutions of the approximate system (6). It 
follows that w(t) satisfies the following three conditions: 
(w”(t), 4 + VW), Aa) + +4w(t), 4 + p2(t) a(w(t>, 4 
= -(Cc2(t> - k(t)) +,,(th 4 
(20) 
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for all zI E I;, , where p”(t) = M(a(u,,Jt))), v = 1, 2. 
40) = Uom, - UOWQ = & (uo Y Wi) wui Y C-21) 
1 
which converges to zero, when m, , ma go to infinity. 
w’(0) = Ulntz - Uaml = ,=z+, (111 ? %> wi (22) 
1 
which converges to zero, when m, , m2 go to infinity. 
Taking v = 2A2”w’ in (20), we obtain 
$ ( Akw’(t)i2 + $ j Akf1w(t)i2 t 01; ( Ak+1’2w(t)/2 + p2(t) $ ( Ak+1’2~(t)(2 
= +2(t) - CL&)) %4”4n,W> A’“w’W) 
for all t in [0, T]. 
(23) 
As we did in Step ii, let us set 
Yk(t) = 1 A”w’(t)12 + / Ak+lw(t)12 and Sk(t) = / Ak+l/2w(t)12; 
with this notation, the differential equation (23) can be written as 
&k(t) 1 cy @k(t) 
dt 7 + IL&) fq) = h(t) - w(t)) 24A’“u,,(t), A”w’). (24) 
If we define hk(t) by 
we have 
hk(t) = rk@) + afik(t) + p2tt) pk@), 
hk(t) - ‘$k@) = Yk@) + p2@) /?k@)* 
Taking the derivative of the lest equation and using (24), we obtain 
1 @k@) - +k@)) 
zz --cy d/&(t) l 4-Q) 
dt -&- pk@) - (pa(t) - dt)) WAk~m (t>, A’“w’W 
We have / p2(t) - pl(t)l < ca / A1i2w’(t)l and by (19), 1 a(Ak,l(t), Aw’(t))l < 
C, 1 Akw’ / . We also have ) dj3,(t)/dt 1 < yk(t). 
Therefore, 
1 $ @k(t) - ‘@k(t) ( < 1 01 1 h(t) + 1 +$ ( f%(t) + 2c,c, ( Al’“w(t)l 1 ALeo’( 
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or 
(25) 
< 1 01 I y&> + j y ( /%(t) + K I L~~‘~uJ(~)/~ + K 1 AW(t)l’. 
Since IQ&) < b(t) - @&>, i%(t) < (h(t) - 43&))/~~(~), and I A’i4t)/2 < 
yk(t), inequality (25) assumes the following form: 
because (1 /p) j dp/dt / is bounded as we have seen in the Step ii. 
Our next step is to bound f&(t) by n(O) + K,&,,(O). In fact, if we set 12 = 0 in 
(26), we obtain 
It follows that 
ho(t) - &it> d &dO) - 4dW ev(& + Wd t. 
Since b,(t) - 4,(t) = y,,(t) + tL2(t)&O(t) 3 ye(t) + wA,(t), we obtain 
PO(t) G MO) + K2MW exdK1 + Kh) T/m0 = 4 , 
where KS depends only on the constant C of inequality (9). 
Therefore we obtain the inequality 
1 (W) - &dt>> < K,(Mt) - 4%(t)) + 4 9 (27) 
hence, 
hk(t) - c&(t) < @k(O) - q%(O) + f&T) exp TK0 . 
From this inequality, we obtain 
YkW + moMt) 
< (rdo) + M(I A1’2uo, I”) MO)) exp TK, + K&40) + ~2&,(0)), 
where K4 = (T/m,) exp(K, + K/m,,) T, for all 0 < t ,< T. 
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By the definitions of yk(t), Pk(t), we obtain, from the last inequality: 
I A”u&*(t) - A”uqt)l* + 1 Ak’-1u,2(t) - Ak+lUm,(t)l* 
+ 1 Ak+l’*Umt(t) - A~‘~l’*U,,(t)/* 
< &(I Akulm, - Akul,nl I2 + ( A”f1uom2 - A”+lu,,l 12 
+ M(( A1’z~Om I”) 1 Ak+li2ugmz - Ak+14q,ml 1”) exp TK,, 
-1 &(I %m, - sn, 1’ + I h,m2 - h,m, I2 + K2 I A1’2~0,n, - A1’2uom, I”). 
(28) 
It follows that the maximum on [0, T] of each term in the left-hand side of 
inequality (28) converges to zero when ml, ma go to infinity. Therefore, we 
conclude that the sequences 
are Cauchy sequences of CO([O, T], H), hence they are convergent for all k E N. 
For k = 0 we obtain the existence of a vector u(t) such that (u,(t)),,, con- 
verges to u(t) in CO([O, T], H), and 
u’ E CO([O, T], D(Al;)), u E CO([O, T], D(A”)) 
for all k = 0, 1, 2 ,.... We also conclude that (A1k,),,N converges to A1i2u in 
CO([O, T], H), so that we can pass to the limit in M(l A112um(t)), since M is 
continuous. 
From those convergences, it follows that u is such that 
$ (u’(t), ~1 f (Au(t), Av) + (a + M(I A”“u(t)l”)) (Au(t), v) = 0 
for all u E H, that is, u is a solution of Eq. (3). 
From the uniform convergence of (~,(t)),,~ and (~&(t))~~~ in CO([O, T], H), 
it follows that the limit u satisfies the initial conditions. 
2. UNIQUENESS OF THE SOLUTION 
Suppose we have two solutions u and ti. If we set a(u(t)) = a, u(Zi(t)) = ci, and 
w = u - 12, we have 
w”(t) + A2w(t) + M(a) Aw = -(M(a) - M(d)) Ali, (29) 
w(0) = 0, w’(0) = 0. (30) 
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Taking the inner product with 2w’, we obtain 
-g I W’W + i I AW(W + M(a) $ u(w) = 2(M(&) - M(a)) (Ad, Aw). 
Integrating, observing (30), we obtain 
I w’W12 + I Aw(t)12 + M(a) 44tN 
=S( ot ; 44s))) 44s)) 44s)) ds +2 ,d WW - M(4) W(s), w’(s)) d . 
We have M(u(t)) > 171s , / M(d) - M(a)1 < Co j A1j2w(t)l , (d/dt)M(u) = 
2M’(u) u(u, u’) is bounded. Then, we obtain: 
I w’(t)12 + I Aw(t)V + l A1’2w(t)12 
< C 
s 
t (I w’(s)12 + 1 Aw(s)12 + 1 N2w(s)12) ds. 
0 
From this inequality it follows that w(t) = 0 in [0, 7’1, that is u = ti. 
3. APPLICATION 
Let Q be a domain of R” with smooth boundary r. Let H be the space L2(D) 
and A = --d with domain H2(Q) n H,l(Q). If we take U, E D(Ak+r/2), ui E D(A”) 
for all natural k, we obtain a unique solution u of the equations 
2 + d2u - (a + M (Jo I grad u I2 dx)) Au = 0, 
with initial conditions U, and pi at t = 0. Note that u(t), u’(t) belong to the class 
P(Q) for all k. For more precise information on the regularity of the solution 
u(t), read remark at the end of this paper. 
When n = 1, $2 = (0, L), L > 0, A = -a2/ax2 we obtain the result proved 
by Dickey [I]. 
Remark. It was noticed by J. L. Lions (personal communication) that the 
estimate (18) implies that if u. and u1 are given as in Theorem 1 and belong to a 
Gevrey class of order s > 1, with 52 being bounded, then (using J. L. Lions and 
E. Magenes [5, Chap. 8, Theorem 1.21) u(t) belongs to the same Gevrey class 
of order s [the case s = 1 corresponds to real analytic functions in 01. 
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